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Abstract. We prove that ribbons, i.e. double structures associated with a line bundle S over 
its reduced support, a smooth irreducible projective curve of arbitrary genus, are smoothable if 
their arithmetic genus is greater than or equal to 3 and the support curve possesses a smooth 
irreducible double cover with trace zero module S . The method we use is based on the infinitesimal 
techniques that we develop to show that if the support curve admits such a double cover then every 
embedded ribbon over the curve is "infinitesimally smoothable", i.e. the ribbon can be obtained 
as central fiber of the image of some first— order infinitesimal deformation of the map obtained by 
composing the double cover with the embedding of the reduced support in the ambient projective 
space containing the ribbon. We also obtain embeddings in the same projective space for all 
ribbons associated with S . Then, assuming the existence of the double cover, we prove that the 
"infinitesimal smoothing" can be extended to a global embedded smoothing for embedded ribbons 
of arithmetic genus greater than or equal to 3. As a consequence we obtain the smoothing results. 



Introduction 

A ribbon 1" is a multiplicity two structure associated with a line bundle S over its reduced sup- 
port Y . Precisely, S is the ideal J" oiY inside F, (from J^^ = it follows that J' is an ^y-module). 
The scheme Y is called a ribbon over Y with conormal bundle S ^ (BE95i §1]. The notion of ribbon 
can be extended to higher multiplicity by allowing S to have any rank. If instead of having rank 
1, has rank n — 1 then Y is called a rope of multiplicity n. 

A smoothing of a ribbon is a family, flat over a smooth pointed affine curve, whose general fiber 
is a smooth variety an whose special fiber is the ribbon. If the ribbon is embedded in an ambient 
variety and the family is a subvariety of the product of the ambient variety and the base curve of 
the family, then we call it an embedded smoothing. 

Ribbons were first studied at length by D. Bayer and D. Eisenbud in their fundamental work |BE95j . 
They are important as far as they appear as degenerations of smooth varieties whose properties 
are interesting to study. Often, those properties are easier to study on a degenerate variety which, 
nevertheless, has a simpler structure in many ways (e.g. the structure of the Picard group of a 
"rational" ribbon, i.e. a ribbon over P^, or the computation of the equations of a XS-carpet, i.e. a 
ribbon with reduced support on a smooth rational normal scroll and conormal bundle the canonical 
line bundle of the scroll, see BE95 ), though its nondegenerate counterpart, which even having 
nicer properties from a geometric point of view (smoothness, irreducibility, ...), has a more complex 
structure. Indeed, one of the source of interest for ribbons and other double structures in the 90's 
was the study of Green's conjecture regarding the syzygies of a canonical curve. For this approach 
to be effective one needs to know, to start with, that ribbons are smoothable. That is the reason 
why finding ways of smoothing a ribbon is important. 

The goal of this paper is to determine under what conditions a ribbon can be smoothed. The result 
we obtain is that over a smooth irreducible projective curve Y of arbitrary genus g, every ribbon 
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(with very few exceptions if g = or g = 1) with conormal bundle S' is smoothable under some 
natural geometric condition. This geometric condition is that there is a double cover of Y with 
trace zero module (f. 

The appearance of ribbons as flat limit of smooth curves is expected whenever a family of 
embeddings degenerates into a 2 : 1 morphism over a smooth curve Y. Indeed, in this situation the 
degree and the genus imposed by the images of the embeddings on their flat limit indicate that this 
flat limit must be a double structure over Y, whose genus is the genus of a ribbon over Y associated 
with the trace zero module of the double cover. This situation leads us to think that the natural 
geometric condition that we need to impose if we expect ribbons to be smoothable is that there is 
a double cover of Y with trace zero module S". 

At the infinitesimal level the fact that an embedded ribbon is contained in the first infinitesimal 
neighborhood of its reduced support inside the ambient variety suggests that the ribbon can be 
captured by "first-order infinitesimal smoothings". More specifically, one would like to establish 
the following correspondence: on one side we would have an embedded ribbon Y, on the other we 
would have a first-order infinitesimal deformation of the composite map obtained from the double 
cover of Y and the embedding of Y in the ambient variety, in such a way that the central fiber of 
the image of this deformation is the ribbon. This correspondence does not come totally unexpected 
(see |Fon93| . where canonically embedded non-hyperelliptic rational ribbons of arithmetic genus 
greater than or equal to 3 appear associated with infinitesimal deformations of hypcrelliptic covers 
of rational normal curves, and |(tP97| . where i^3-carpets appear associated with deformations of 
hypcrelliptic covers of rational normal scrolls). These examples are, nevertheless, particular cases 
and the approach is in one case done by an explicit computation (an approach that one hope to work 
only when the reduced curve Y is as simple as and the line bundle associated with the map from 
the double cover to the ambient projective space is well-behaved as is the case with the canonical 
line bundle). In the case of -fir3-carpets, the approach is not an explicit computation of the equations 
of an infinitesimal deformation of a double cover, but the success of the proof relies heavily on some 
very special characteristics, such as the existence of a unique double structure with K3 invariants on 
a given rational normal scroll. Thus a more general and conceptual approach is needed. This is what 
we do in this paper, setting up the foundations for the process on how a first-order infinitesimal 
deformation of the composite morphism obtained from a double cover of a curve Y of arbitrary genus 
and the inclusion of Y in the ambient projective space, produces a ribbon Y on Y, and how every 
ribbon Y onY comes indeed from such a process. This is done in Proposition 13. 71 and Theorem 13. 81 
which say that every first-order, locally trivial, infinitesimal deformation of a morphism X ^ Z, 
which is finite over its image Y, produces a rope over Y mapping to the target variety Z and a 
first-order deformation of y in Z so that the central fiber of the image of the deformation morphism 
is equal to the image of the rope and the whole image of the deformation morphism is the scheme- 
theoretic union of its central fiber and the flat embedded deformation. These results give geometric 
content to the arrow, obtained by cohomological methods, from H^{,_A{p), the space of first-order, 
locally trivial, infinitesimal deformation of 1^9, to HomlJ^y^z / -^y z^ ^y)®^ot[v{J'y,z / -^y z^'^)- The 
conceptual understanding of this process is also done in Theorem 13.91 (which can be understood 
as an "infinitesimal smoothing" result for ribbons) which says that if this arrow is surjective then 
every rope, with conormal bundle S' = ix^Gxl (where tt is the map from X to y), embedded in 
Z is the central fiber of the image of some first-order, locally trivial, infinitesimal deformation of 
1^, and in Theorem 13 . 1 Ul which says that in the case where X is a curve every rope over the curve Y 
with conormal bundle S is obtained via this process. The way we prove the smoothing of ribbons 
is by showing that we can obtain the ribbon as central fiber of the image of a deformation of a 
morphism 2 : 1 to a family of embeddings. Our main smoothing result is Theorem 15.31 which says: 
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Theorem 0.1. Let Y be a smooth irreducible projective curve and let S" be a line bundle on Y . 
Assume that there is a smooth irreducible double cover X A r with T^it&x I = S . Then every 
ribbon Y over Y with conormal bundle S and arithmetic genus pa{Y) > 3 is smoothable. 

As we said above, the existence of a double cover with trace zero module is the natural con- 
dition we might impose for the ribbons with conormal bundle to be smoothable. In fact, this 
condition turns out to be hardly restrictive in comparison with the obvious necessary condition for 
a ribbon to be smoothable, namely: its arithmetic genus is greater than or equal to zero. Besides, 
since the arithmetic genus of a ribbon Y with conormal bundle (o is Pa{Y) = d + 2g — 1, where 
d = — deg and g is the genus of Y, the existence of such a double cover implies the condition 
Pa{Y) > 3, with very few exceptions if 5 = or 5 = 1. 

To get an idea of the scope of our results we point out that if the genus g of Y or the arithmetic 
genus Pa of Y gets bigger there exist more ribbons of arithmetic genus Pa, over a curve Y of genus 
g. The reason is that the ribbons with conormal bundle over a curve Y are classified, up to 
isomorphism over Y, by the elements of the space Ext^(a;F, up to the action of k* (see |BE95I 
1.2] or 11.2(1 . Notice that if Pa > 2, then the space Fixty (ujy , <S') has dimension g — 2 + pa- 

The smoothing of ribbons is obtained as an embedded smoothing since the smoothing appears 
as the image of a deformation of a morphism composite of a double cover of Y and the embedding 
of y in a projective space. This is done in Theorem 15 . II which says: 

Theorem 0.2. Let Y be a smooth irreducible projective curve and let i^y(l) be a very ample line 
bundle on Y. Let S be a line bundle on Y . Assume that ^y(l) and S ® i^f(1) are nonspecial. Let 
ps pr dgYiote, respectively, the projective spaces of (one quotients) of i/°(^y(l)) and 77'^(^y (1))® 
H^{<S ® ^y(l)). Assume that r > 3. Let y C P'' be the embedding defined as the composition of 
the embedding y C P" given by the complete linear series H'^{(?y{^)) md C P''. 
Assume that y C P*^ is a nondegenerate embedded ribbon over y C P*" with conormal bundle S . 
Assume that Pa^X) — 3- Assume that there is a smooth irreducible double cover X A y with 
t^*GxIGy = S. Let X A P'' be the morphism obtained as the composition of tt with the inclusion 
ofY in P'^. Then 

(1) there exists a smooth irreducible family X proper and fiat over a smooth pointed affine 
curve (T, 0) and a T -morphism 9y P^^ with the following properties: 

(a) the general fiber ,t ^ 0, "is a closed immersion of a smooth irreducible projective 
curve J%'t, 

(b) the central fiber is X ^ P'^; and 

(2) the image of ^ P^ is a closed integral subscheme C Py flat over T with the following 
properties: 

(a) the general fiber 'Wt^t ^ 0, is a smooth irreducible projective nondegenerate curve with 
nonspecial hyperplane section in , 

(b) the central fiber % is Y CW . 

We remark that the condition PaiX) > 3 is imposed in Theorem ID .21 for technical reasons regard- 
ing its proof. 

To obtain Theorem 10 . II from Theorem 10.21 we need a criterion to decide whether every ribbon with 
a fixed conormal bundle S over a curve Y can be embedded as a nondegenerate subscheme in the 
same projective space P'' extending an embedding Y ^ P''. This criterion is Proposition As a 
consequence we see in Theorem 14 . 71 how to obtain nondegenerate projective embedding in the same 
projective space for all ribbons with a fixed conormal bundle. 
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The proof of Theorem lU.2l consists in extending an infinitesimal deformation of the map X -^r to 
a deformation over an affine base. In order that the image of the deformation over the afhne base 
contains Y as central fiber, we pick the infinitesimal deformation out so that this is already true at 
the infinitesimal level, i.e. we previously prove that the ribbon can be infinitesimally smoothed. This 
key result on infinitesimal smoothing, which is a direct consequence of the Theorem 13 .101 obtained 
from the general infinitesimal theory that we develop in Section 3, is: 

Theorem 0.3. Let Y he a smooth irreducible projective curve in W and let S' be a line bundle 
on Y. Assume that there is a smooth irreducible double cover X ^ Y with TT^^x/^Y = ^- Let 
X ^ be the morphism obtained as the composition of n and the inclusion of Y in P*". Then 
every ribbon over Y , with conormal bundle S , embedded in W is the central fiber of the image of 
some first-order infinitesimal deformation of if. 

To appreciate the scope of our results we specialize them to particular cases of F, see Corollarv l5.4l 
Corollary 15 . 51 and Corollarv l5.6l 
If g = some of the facts we obtain are that 

(a) all rational ribbons of arithmetic genus h >3 are infinitesimally produced by a hyperelliptic 
curve associated to the conormal bundle of the ribbons ffpi{—h — 1), 

(b) all rational ribbons of arithmetic genus h > 3 can be embedded in P'' with degree 2h over 
a rational normal curve, 

(c) all rational ribbons of arithmetic genus h > 3 and degree 2h over a rational normal curve 
in P'' are smoothable, 

(d) hence all rational ribbon of arithmetic genus greater than or equal to 3 are smoothable. 
li g = 1, i.e. for an elliptic curve Y, some of the analogous facts we prove are that 

(a) all ribbons of arithmetic genus h > 3 are infinitesimally produced by bi-elliptic curves 
associated to the conormal bundles of the ribbons, 

(b) all ribbons of arithmetic genus h > 6 can be embedded in P'*^^ degree 2h — 2 over an 
elliptic normal curve Y C P''"^ with hyperplane section not isomorphic to the dual of the 
conormal bundle of the ribbons, all ribbons of arithmetic genus /i = 4 or 5 can be embedded 
in P'' with degree 2h over an elliptic normal curve Y C P''~i and all ribbons of arithmetic 
genus h = 3 can be embedded in P^ with degree 8 over an elliptic normal curve Y CP^, 

(c) all ribbons embedded like above are smoothable, 

(d) hence all ribbons of arithmetic genus greater than or equal to 3 over an elliptic curve are 
smoothable. 

The results of this article have other applications. In 'GGPJ , we build on the methods of this 
paper to prove results on smoothing of ropes of arbitrary multiplicity and apply it to study in detail 
ropes of multiplicity three on P^. 

Conventions. We work over a fixed algebraically closed field k of zero characteristic. All schemes 
considered are separated and of finite type over k. 

1. Preliminaries 

The definitions and facts gathered here are known in the references |EE95I §1], |GP97[ §1], 
|HVdV85l §2] for ribbons. We state them here for ropes without proofs, the ones in the references 
translate almost word by word. 

1.1. Let F be a reduced connected scheme and let S" he a locally free sheaf of rank n — 1 on F. 
An n-rope over Y with conormal bundle S" is a scheme Y with Y^cd — Y, such that •^yy ~ ^ ^^'^ 
^YY — ^ as ^y-modules. If ^ is a line bundle, Y is called a ribbon over Y. 
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1.2. A rope Y over Y with conormal bundle S" is determined by the extension class [e^] £ 
Ext^(f2y, (f) of its restricted cotangent sequence, the lower exact sequence in the puUback diagram 

^ ^ ^ ^ ^ 

II i I 

— ^ <r — ^ ^y\y — ^ — ^ 0. 

If Y' is another rope over Y with conormal bundle S" then Y and Y' are isomorphic over Y iff its 
extension classes [e^] and [e^,] are in the same orbit by the action of the automorphisms of S' in 

Ext\fiy,(f). 

The rope associated with the split class is the unique rope Y such that the inclusion Y Y admits 
a retraction. This rope is called the split rope. 

1.3. An embedded rope Y, with conormal bundle over a smooth irreducible closed subvariety Y 
of a smooth irreducible variety Z is defined by a subbundle of ,A^,z with dual bundle isomorphic 
to S'. The ideal of Y inside Z is the kernel of the surjective composite homomorphism ,yY,z 

^Y,z/J^lz ^ ^■ 

1.4. Let y be a reduced connected scheme and let Z he a scheme. The extension morphisms 
Y ^ Z, to a rope Y over Y with conormal bundle oi a given morphism Y ^ Z are in one-to- 
one correspondence with the homomorphisms i*flz — » ^y\y '^^■kiiig the diagram 

— ^ S ^y\y ^Y ^ 0, 

commutative, i.e. with the splittings of the exact sequence with class the image of [e^] by the map 
Ext^(r2y,^) ^ Ext^(«*r2z, <^). In particular an extension morphism exists iff D«([ey]) = 0. 

1.5. Let y be a reduced connected scheme and lot Z bo a scheme. Let be a locally free sheaf of 
rank n — 1 on F. The algebra of the n-rope Y with extension class [e], where e is the exact sequence 

is, as a sheaf of abelian groups, the puUback of the homomorphisms 

6y —>■ ^Y and ^ Qy- So the sections of ^^^^ open set f C F are 

= {(c,s) G ^Y®^\dc = ps}, 

with fc-algebra structure defined by (c, s)(c', s') = {cc',cs' + c's). 

Let Y ^ Z he a morphism. The extension morphism Y ^ Z associated with a commutative 
diagram 

(1.5.1) i*nz 

— ^ ^ — ^ ^ — ^ fiY — > 0, 
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is defined by the unique map of fc-algebras i^z **^y- making the diagram 



(L5,2) 




^z ^ ^ i*^Y 

commutative, where iJ' corresponds to uj by the adjunction isomorphism. 

liWcZ and U CY are open afhne subsets with U C i^^W and a is a section of ^z over W then, 
from (|1.5.2II . the map is written in the form 

(1.5.3) ?a = (i»a, w(da(g) 1)). 



2. Spaces parametrizing infinitesimal extensions of morphisms 

Let y be a smooth irreducible closed subvariety of a smooth irreducible variety Z. Let Y ^ Z 
be the closed immersion. Then we have an exact sequence on Y 

}iom{i*nz,<S') ^Hom(^*2,f?) ^ Ext^ {fly , S") Ext^(ri7z, ^). 

Therefore, from 11.41 a morphism Y ^ Z extension ofY^Z exists iff [cy] admits a lifting by 5 to 
an element r e llom{jK^^,(g'). 

The following result tells us that the extensions of i to are in one-to-one correspondence with 
the liftings of [ej,]. 

Proposition 2.1. Let Y be a smooth irreducible closed subvariety of a smooth irreducible variety 
Z . Let Y ^ Z be the closed immersion. Let S be a locally free sheaf of rank n ~ 1 on Y . 

(1) There is a one-to-one correspondence between pairs (Y,i), where Y is an n-rope over Y 

— i * 

with conormal bundle S and Y ^ Z is a morphism extending Y ^ Z and elements 
T G Hom(^/(^2, (o"). Moreover, if t and {Y,i) are in correspondence then St — [ep]. Two 
pairs are isomorphic over Y iff the corresponding elements are in the same orbit by the 
action of the automorphisms of S in }lom{.yK^ ^ , S") . 

(2) The image subscheme of the map i induced by r has ideal in Z equal to the kernel of the 
composite homomorphism J'y,z -^y z ~* ■ Moreover, i is a closed immersion iff t is 
surjective. 

Proof. Let e be an extension S" ^ 'i^ ^ Q,y and let i*ilz ^ be a homomorphism like in a 
commutative diagram (|1.5.1|l . Froni lT"^ we obtain a one-to-one correspondence between extension 
pairs (Y,i) and classes [(e,Lj)] under the obvious equivalence between pairs {e,uj). Moreover, two 
extension pairs are isomorphic iff the corresponding classes are in the same orbit by the action of 
the automorphisms of (o in Ext^(r2Y, S"). 

To prove (1) we set up a bijection, compatible with the action of the automorphisms of (a, between 
homomorphisms ^f^y z and classes [(e,a;)], as follows: 

Let ^Yz (o he a, homomorphism, recall that the extension class St G Ext^(r2Y, S") is represented 
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by the lower exact sequence in the push-out diagram: 

j' Di 



2.1.1 



0- 



A/* 



-0 

•0. 



im(— T©j') 

We denote (i*r2z)r = -^^fl'J^],-^ and we caU the extension Q S ^ (i*f^z)r ^ fiy ^ 0. In this 
way to each ^yVy z ^ assign the pair (erjii^r) defined by the commutative diagram: 

i*^z 

/ I 

f7y ^0. 



0- 



In the opposite direction, fix a pair (e,w) defined by a diagram like H1.5.1|) . then there is a unique 
homomorphism making the diagram 



(2.1.2) 



0- 



Y,Z ■ 



-t 



fly 



■0 



■0 



commutative. In this way to each pair {e,uj) we assign a homomorphism z ~^ ^ ■ 
It is easy to verify that this establishes the bijection between homomorphisms J^y ^ ~* ^ and classes 
[(e, Lo)\ and that this bijection is compatible with the action of the automorphisms of S in both sets. 
Therefore (1) is proved. 

Now we prove (2). Fix r e ^Aam^jVy ztS) and let be the extension pair defined by {er-,ijJr) 

as in (1). Let ^ denote the kernel of i". If we denote the composition .^y^z '-^y z ~* ^ ^^'^ 
J'y^z ^ S then, from the definition of (i*flz\ and H1.5.3() . we see that the diagram 

^Y. z ^ &z 

^\ ¥ 

S 

is commutative. Therefore we obtain a commutative exact diagram 



0- 



\ 

■^Y.Z 



0y 



0. 



From the Snake Lemma it follows that is surjective iff t is surjective. 



□ 



2.2. First-order, locally trivial, infinitesimal deformations of a morphism. 

Let X ^ Z be a morphism, where X is a reduced connected scheme and Z is a scheme. Let A 
denote Spec fc[e]/e^. We are interested in the first-order, locally trivial, infinitesimal deformations of 

the pair (X, </?), i.e. A-morphisms X ^ Z x A with central fiber X ^ where X is a first -order, 
locally trivial, infinitesimal deformation of X. 
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An space classifying them is described in |Hor74| . Let y = (y) be an open affine cover of X. As 
usual, we let '^^{Y , — ) and S''^{y , — ) denote, respectively, the group of 0-cochains and 1-cocycles 

with respect to the covering 'V and 8 the coboundary map. Let ^*^z be the homomorphism 

induced by AT ^ Z. Set 

(2.2.1) 

_ {(.g,p) e'r°(r,^om^^((^*»z,^^)) X S^^{i',^omeA^x.&x)) \ ^9 = 9^^} 

Lemma 2.3. |Hor74l 4.2] Let X ^ Z be a morphism, where X is a reduced connected scheme and 
Z is a scheme. Let D{X,(p) defined by (|2.2.1|l . Then 

(1) D{X, ip) does not depend on the affine cover. 

(2) We have two exact sequences 

Hom(17x, ex) ^ Hom(^*17z, ffx) ^ D{X,f) -> H\jfom{nx, ^x)) ^ H^{.y^om{if*Vtz, ^x)), 
^ H\.Jlfom{nx/z, Gx)) ^ B{X, ip) ^ H\.y>fom{nx/z, ^x)), 

where ,yV^ denotes the cokernel of J^om{^lx , ^x) J^fom{(p*flz, Gx)- 

Ln particular, if the map , Gx) is infective then there is a natural 

isomorphism D(X,(p) ~ 

Remark 2.4. The content of Lemma 12.31 is a purely cohomological fact of sheaves on X. The 
proof given in |Hor74[ 4.2], in the context of complex manifolds, is still valid in the case of a 

homomorphism of quasi-coherent sheaves £/ ^ with kernel and cokernel, respectively, and 
on a noetherian separated scheme X. Let Y be an open cover of X. We set 

(2.4.1) D{X, F, y) {iFh,6h)\he'^o^y,^)} 

and 

(2.4.2) D(A:,F) = lim i:'(A:,F;'r), 

■r 

where the direct limit is taken under refinement of coverings. Then for every open affine cover y the 
natural map D{X, F; y) D{X, F) is an isomorphism. Two exacts sequences, like in Lemma [2.31 
are then obtained 

H"{£/) ^ H°{.^) ^ D{X,F) ^ H\£/) H^{M), 
^H\,J^) D{X,F) H"{yy) H^{Jf). 

□ 

Proposition 2.5. Let X ^ Z be a morphism, where X is a reduced connected scheme and Z is 
a scheme. Let D{X,ip) be defined by H2.2.1|) . There is a one-to-one correspondence between pairs 
{X,(p) up to IS. -isomorphism, where X is a first-order, locally trivial, infinitesimal deformation of 

X and X ^ Z X A is a A-morphism with central fiber X ^ Z , and classes in D{X, (p). 

Proof. A first-order infinitesimal deformation X is a ribbon over X with conormal Gx and con- 
versely. The A-morphisms X ^ Z x A are in bijection with the A:-morphisms X ^ Z and a 
A-morphism ip is an extension of ip iff the corresponding fc-morphism ip is an extension of ip. 
Now, arguing like in the proof of Proposition 12. II we establish a bijection between extension pairs 
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{X, (p) up to A-isomorphism and classes of pairs [(e, uj)] defined by equivalence of diagrams 

(2.5.1) ip*nz 

0, 

by assigning to {X, ip) the pair {e,uj) associated with {X, (p). We observe, for future reference, that 
the correspondence ^ ^ <^ is locally expressed by 

(2.5.2) 1^' (a + a'e) = 0^ (a) + 0^ (a')e, where a + a'e & ffz ® ^z^- 

From 12.5.21) and l|1.5.3|) we sec that the A-morphism ip associated with (e, lS) is locally expressed 
by: 



(2.5.3) 



a + a'e i-^ {pj^a, a;(da (g) 1) + j0a'), 

where G^ = {(^7 s) G ffx \ ps — d6}. Now, to prove Proposition 12.51 we establish a bijection 
between the set of classes [(e, cj)], where the extension e is locally split, and D{X, (p). 
Locally split extension classes are classified by the subspace H^{,J^omff^ i^x, Gx)) C F,xt^{Qx, Gx)- 
Recall that the inclusion map, obtained from the spectral sequence of local and global Ext's, is as 
follows: to a class [p], with p e !^^{y ^^omcx^x-, ^x)), corresponds the class of the extension 
e defined by the gluing diagrams 



(2.5.4) 



0- 



G^ 



vnv' 



1^ 







■0, 



Pvv' 

idc 



where 

id^ 
lun 

We set up the bijection. Start with a class [(e, uj)] , where e is locally split. Observe that a locally split 
extension of coherent sheaves on a noetherian separated scheme is split over every open afRne subset. 
Take an open affine cover Y = (V) of X so that e is split in every open set of Y, and take a family of 
local retractions r = {rv)ver for j. Then there is a unique p e 3f^{'y, ^Vomg^ (f^x, Gx)) such that 
br — pp. Moreover, the cochain ruj verifies that 5{r uj) — pT>ip. Therefore the pair (rw, p) defines a 
class in D{X,(p). Conversely, to a class [(5,/o)] we assign the class of the pair {e,uj) constructed as 
follows: the extension e is defined from p by means of the gluing diagrams (|2.5.4|l . The condition 

6g = pDip, in the definition of D{X, (p), implies that the homomorphisms (p*Qz\^^ (sv^v) ^ 
glue to define a global homomorphism uj and a commutative diagram like H2.5.1|) . It is easy to verify 
that this establishes the bijection. □ 



3. Images of first-order infinitesimal deformations of certain type of morphisms 

In this section we set up the general process relating ropes, over a smooth irreducible closed 
subvariety K of a smooth irreducible variety mapping to the ambient variety Z and first-order, 
locally trivial, infinitesimal deformations of morphisms which are the composition of a finite cover 
of Y and the inclusion Y ^ Z. 
We start by fixing the setting for this section: 

3.1. Let X ^ Z he a morphism from an integral Cohen-Macaulay variety X to a, smooth irreducible 
variety Z. Let Y be the (scheme-theoretic) image of p. Let Y ^ Z denote the closed immersion. 
Assume that Y is smooth and that p induces a finite morphism X ^ Y . 



10 



MIGUEL GONZALEZ 



In this conditions tt is surjective and flat. The algebra ix^Gx is a locaUy free €?y-module of some 
rank n and the trace map gives a spHtting for the injective map Gy 7r*^x- Hence ir^&x is the 
direct sum of Gy and a rank n — I locafly free ^y-module S'. 

3.2. Let .Ji(p be the normal sheaf of the morphism X ^ Z defined by the exact sequence 

J^omff^i^x, ffx) ^ JifomeAv*^z, ^x) -> ^ -> 0. 
This sheaf fits into a useful extension: 
Lemma 3.3. In the conditions of \3.1\ there is an exact sequence 

(3.3.1) ^ ^ ^ ^ ^ 7r*^,z 0. 
Proof. We have the sequence exact also on the left 

^ TT*ny nx ^ ^x/Y ^ 0. 

So we obtain the exact sequence 

^ ^om^^ {nx, 0x) .^ome^ (7r*f7y, Gx) ^ --/^ *- 0. 

From -^y^zl -^y z ~* ---^ ^ we obtain the exact sequence 

^ Jfomff^{Tr*ny, Gx) ^om^,^ 6x) ^ ^om^^ (tt* A-^z/^y.z, ^x) ^ 0. 

So we see that also the map M'ome^iyLx, Gx) omg ^{}p*^z ^ ^x) is injective. Therefore we 

obtain an exact commutative diagram 

(3.3.2) 

\ \ 

O^J^omeA^x,Gx) ^ Jfome^iTr*ny,Gx) ^0 

II I^T'di I 

^ Jfomff^iflx , Gx) J^omff^{ip*nz, Gx) ^0 

I I 

J^fome^iTT*^y^z/y^z^ ^x) = ^*^Y.Z 

\ I 



and the right-hand side column is the desired exact sequence. □ 
With the notations of H2.2.1I) . I2.4.2|) and Lemma IX^ we have 
Lemma 3.4. In the conditions of \!^.l\ there is a commutative diagram 

(3.4.1) D{X, ^) ^ H^.yV^) 

\^ 

D{X, TT*Ai) Hom(7r*^/j^2^ ffx) 

D(y, (Di)') Hom(^/j^^^ TT.^x), 

where II^{,y\(p) Honi(7r*^/^^, if^x) is the map in global sections obtained from (|3.3.1|l . the 
composition D{X,ip) Hom(7r* J^^/j^^ ^x) [(g,p)] ^ ff|^..^/^2 and if a' iJ,{[{g , p)]) = [(/,£»)] 
then the composition D{X,(p) — > Hom(^/^^, tt^^x) *s [(SiP)] ^ f\y/j!2- 
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Proof. The spaces D{X,cp) and D{X,Tr*di) are associated, from Remark |2.4I respectively, to the 
homomorphisms dcp and 7r*di in 1)3. 3. 2|) . The space D(Y, (Di)') is associated from Remark |2.4I to 
the homomorphism (Di)' in the exact sequence 
(3.4.2) 

So if = (U) is an open affine cover of Y and Y — {V — n^^U) is the induced open afRne 
cover of X then D{X, ip) is given by ifmi) and D{X, 7r*di), D{Y, (Di)') are obtained from (EHHJ). 
The homomorphisms dip, 7r*di in (|3.3.2|l and (Di)' in (|3.4.2|l are injective. Therefore, from Re- 
mark 12.41 we have natural isomorphisms D{X,ip) ^ i?°(^), D{X,T:*di) ^ Kom^n* y / .y"^ , ffx) 
and D {Y, (D i)') ^ Hom(j^/j^^ tt.^x)- 

From H3.3.2I) and the functorial character of D{X, — ) in the exact sequences of Remark |2 .41 we see 
that there is a unique map D{X,ip) A D{X,TT*di) making the upper square in diagram H3. 4.1(1 
commutative. Hence this map is [(g, p)] ^ [{g^pDn)]. 
From the adjunction isomorphism we obtain an isomorphism 

(3.4.3) D{X, ^*di) D{Y, (Di)') given by [(.g, p')] ^ [(/, q)]. 

Moreover, the isomorphism D{X,TT*di) ^ Hom(7r*^/j^^, (?x) given by Remark |2. 41 is defined by 
[(5,p')] ^ 9\^, j: jjin i-e., for the restriction of the cochain g to -k* J j we have ^(ffi^.^^^^s) = 
and therefore there is a global section g\^,jr^j!2 £ Hom(7r*^/ J^^, ^x)- Alike, the isomorphism 
D(y, (Di)') A Hom(^/^2^7r,^?'x) is given by [(/, g)] ^ /|^/^,. 

Now, since g corresponds to / by the adjunction isomorphism, we see that 5|^.j^y^2 corresponds to 



f\jf/j;2 by the isomorphism a in 1(3. 4. So we have commutativity in the lower square of 1(3.4.1(1 
and the final assertions in the Lemma follow as well. □ 

Proposition 3.5. In the conditions of \3.1\ there is a commutative diagram 

(3.5.1) H\^^) ^Exti(r!x,^x) 

Hom(7r*^/^^ ex) Exti(7r*rjy, ^x) 

"I' 

IioiJi{.y/y^,TT^ex)-^'E.^t\nY,'n:^ex)- 

The map Si sends the section v G H^{^ip) which, from the isomorphism D{X,ip) A H'^{^ip) and 
Provosition \2. 5\ corresponds to a first-order, locally trivial, infinitesimal deformation {X,ip) of ip, 
to the class of the extension defining X. The maps and 62 are, respectively, the connecting 
homomorphisms obtained from the sequence — > ■J' j i*^z ^ and its pullback to X . 

Proof. We define 61 as the composition of the connecting map H^{JKp) H^{Jfom{Ux , ^x)), 
obtained from the middle sequence in 1(3. 3. 2() . and the natural inclusion H^{J^om{nx , ^x)) ^ 
Ext^{nx,^x)- li e H"{yKf,) corresponds to [{g,p)] £ D{X,tp) by the isomorphism D{X, ip) 
H°{,yKp) then H°{,yV^) H^ljifominx, ^x)) sends v to [p\. So 5i sends v to the class of the 
extension defined by the gluing diagrams 12.5.4(1 . Therefore, from Proposition 12.51 we see that 5i 
sends v to the class of the extension defining the first-order, locally trivial, infinitesimal deformation 
X in the pair {X, ip) associated with [{g, p)]. 
Now we prove the commutativity of the upper square in 1(3.5.1(1 . 

The map S2 is the composition of the connecting map H° {J^ om{TT* ^ / , ^x)) H^{Jfom{Tr*ilY , ^x)) 
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obtained from the middle column of (|3.3.2|l . and the natural inclusion H^{J^om{Tr*ilY, ^x)) ^ 
Ext\7r*riY, ^x)- Further more, this inclusion is an isomorphism for Y is smooth. Therefore, from 
the upper commutative square in H3.4.1(l , the commutativity of the upper square in H3.5.1(l is equiv- 
alent to the commutativity of the diagram 

(3.5.2) D{X,ip) ^H^M'ominx.ffx)) 

M |dir 

D{X,TT*di) ^ H^{.yfom{TT*VLY,ffx)), 

where the horizontal maps are given by Remark 12 . 41 and ji is the map of 13.4.1() . The commutativity 
of (|3.5.2|l follows directly from the definitions. 

Now we prove commutativity in the lower square of H3.5.1|) . The vertical map a is the adjunction iso- 
morphism. The vertical isomorphism [3 follows from the facts that tt is an affine morphism and Y is 
smooth. Indeed, Ext^(7r*f7y, ffx) — {J^ om{-K* D.y , ffx)), for 7r*17y is locally free. From the fact 
that TT is affine om{TT* , Gx)) — (TT^,J^om(Tr*ilY , ^x))- Moreover, from the adjunction 

isomorphism TT^Jfom(TT*QY , ^x) — J^om{QY ,TT^i^x)- Therefore there is an isomorphism 

H\j^om{Tr*nY,Gx)) ^ H\M'om{nY,Tr*Gx)). 
Finally H'^{Jifom{nY ,'^*Gx)) ^ Ext\l7y , 7r,,^x), for fiy is locally free. 

Furthermore, the commutativity of the lower square of (|3.5.1|l is equivalent to the commutativity 
of the diagram 

(3.5.3) Rom{TT*y/y^, ffx) {Jif omi-K* Vty , Gx)) 

}iom{.y/y^,Tr,Gx) ^ H\M'om{nY,7r,Gx)), 

where and 5'^ are obtained, respectively, from the middle column of H3.3.2|) and the exact se- 
quence (13.4. 2|l . So we are reduced to prove commutativity in (|3.5.3|l . Indeed, from H3.4.3|) we obtain 
a commutative diagram 

(3.5.4) DiX, n*di) ^ H\j^om{Tr*nY, Gx)) 

D(y,(Di)') ^i/i(jrom(f^y,7r*€?jf)), 

where the horizontal maps are given by Remark 12.41 Now, from the lower commutative square 
in (|3.4.1|l . the commutativity of (|3.5.4|l implies commutativity in (|3.5.3|l . □ 

The next Proposition l3.7l provides geometric meaning to Proposition l3.5l It is the starting point for 
Theorem 13.81 and Theorem 13.91 the main results in this section. In order to state Proposition 13. 71 
we need the following: 

Lemma 3.6. Let Y be a reduced connected scheme. 

(1) A rope Y over Y with conormal bundle S has a nontrivial structure of A-scheme extending 
the structure of Y as k-scheme iff S has a nonzero global section. 

(2) Let Yi be an ni-rope and let Y2 be an n2-rope over Y with conormal bundles, respectively, 
the locally free sheaves (fi and Si onY. Let Yi U I2 denote the scheme obtained by gluing 

Y 

of Yi and Y2 along Y . 

(a) The scheme Yi U Y2 is an {ni + ni ~ l)-rope over Y with conormal bundle S\ (S) §2- 
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(b) The natural isomorphism Ext^(f2y, © S'2) — i Ext^{QY, Si) ©Ext"'^(S7y, S2) sends the 
extension class of Yi U Y2 to the extension classes of Yi and Y2 . 

Y 

(c) Let given a scheme Z and a morphism Y ^ Z . To give morphisms Y\ ^ Z and Yi ^ Z 
extending the given morphism Y ^ Z is equivalent to give a morphism Yi UY2 ^ Z 

Y 

extending Y ^ Z . 

Proof. The fc-scheme Yi U Y2 is {Y, ff), where is the subsheaf of fc-algebras of ffy^ © ify^ defined, 

as a sheaf of abehan groups, as the puUback of ffy^ Gy and Gy . So there is an exact 

sequence 

— ^ Si © S2 — ^ e — &Y — *- 0, 

showing that Yi U F2 is a rope over Y with conormal bundle Si® ^2- □ 

Y 

Proposition 3.7. Assume the conditions of \S.l[ 
(1) There is a commutative diagram 

(3.7.1) H^i-yKp) ^Ext\nx,^x) 



}iom{y/.y^, 0y) © Hom( J^/J2^^ S) Ext\l7y, ffy) © ^x\}(Sly,g) 



l'i'ie'1'2 



Associated with every first-order, locally trivial, infinitesimal deformation {X, (p) of X ^ Z , 

there are a pair {Y,i), where Y is an n~rope over Y with conormal bundle S and Y ^ Z 

is a morphism extending Y ^ Z , and a first-order deformation YcZxAofYinZ, 
in the following way: if {X, ip) corresponds to v £ H'^{yi(p) then Y and {Y,i) are defined, 
respectively, by and $21^. Furthermore, the extension classes of X , Y and Y are given, 
respectively, by 5iv, '^i5iv and ^2'5ii^. 

(2) Let Y UY be the [n + l)-rope over Y with conormal bundle Gy © S obtained by gluing of 

Y 

Y and Y along Y . There is a A-morphism X ^ Y U Y extending X ^ Y . If 'ip is the 

Y 

composition X^YUY-^ZxA, where Y U Y Z x A is the unique A-morphism 

Y Y 

extending both Y ^ Z and Y ^ Z x A, then ^jj is a first-order, locally trivial, infinitesimal 
deformation of ip such that and ip are equal over the open subscheme of X supported on 
the complementary of the support of flx/y o.nd such that the difference of ijj and ip is a 
first-order, locally trivial, infinitesimal deformation with trivial source of X ^Y. 

(3) The image subscheme of Y UY Z x A is the scheme-theoretic union of Y and the image 

subscheme of Y ^ Z . 

Proof. From diagram (|3.5.1|l and the sphtting tt, €?x — © S , we obtain the commutative 
diagram H3.7.1|) . From Proposition 12.51 and Lemma 13.41 to {X,Lp) corresponds a global section 
V G H'^(^ip). Let vi = $11^ and 1^2 = ^2V, then wc have homomorphisms 

(3.7.2) ^Y^zlJ'y.z and J'y^zlJ'y.z ^ S. 

Denote 5{vi,V2) = (Ci^Ca)- There is a first-order deformation F^ZxAofFinZ associated 
with fi. The subscheme F of Z x A is defined by the ideal C © ^ze locally given, over any 
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open affine subset W — Spec A C Z,hy 

(3.7.3) y {a + a'e I a e J^y.z and v[{a) = -i^a'}, 

where v[ is the composition J^y,z — ^ •^y,zI -^y z and — ^ i^Gy is the map of fc-algebras 

associated with Y Z. Let F Z be the composition F ^ Z x A ^ Z. We see that (F, i ) is 
an extension oiY Z. Thus, from Proposition 12. II we have a commutative diagram hke (|2.1.2|l 

(3.7.4) ^^/J^2 ^0 



^ Gy — ^ ^1 f7y ^ 0, 

where the class of the lower exact sequence e\ is the extension class of Y . Using for a local 
formula like (|2.5.3|l . we see that = v\ and then = [ei]. 

From Proposition 12. II to corresponds a unique pair {Y where Y is an n-rope with conormal 

bundle S and y Z is a morphism extending Y '—^ Z. The extension class of Y is represented by 
the lower exact sequence 62 defined by the push-out diagram 

(3.7.5) ^0 

"""I '^'l II 

^ S — ^ ^2 — ^ 0. 

Then we have C,i — 

Let [(e, be the class defined by a commutative diagram like (|2.5.1|l which corresponds to (X, ^). 
Then, from Proposition 13.51 we have 6\v = [e]. Therefore, from the commutativity of (|3.7.1|l . we 
have \l/i[e] = [ei] and 5'2[e] = [62]. This proves (1). 

Now we prove (2) . From Lemma l3.6l we know that y U 1" is an (n + l)-rope with conormal 6y © S ^ 

Y 

having a nontrivial structure of A-scheme, and there is a unique morphism Y \JY ^ Z extending 
both Y ^ Z and Y ^ Z . Therefore there is a A-morphism F U y Z x A. Arguing with 
formulae like 12.5.21) , it is easy to verify that yuy-^ZxAisan extension of both F ^ Z x A 
and y A Z. The uniqueness ofyuy ZxA follows from the uniqueness of y U y Z . 

Y Y 

Furthermore, yu y A Z is the morphism extending Y Z that, from Proposition l2.1l corresponds 

Y 

to Jy,zl.-f^yz ® ^- Indeed, from lIXT^ and l|X73|) there is a commutative diagram 

(3.7.6) ^0 

I'l®1^2| 1^3 I II 

*- 0y®S *- ^ VLy ^ 0, 

where the lower exact sequence is the extension class of y U y. Therefore, from Proposition 12.11 

Y 

there is a morphism y U y Z extending Y ^ Z defined by v\ © 1^2 • Pushing H3. 7.6(1 out by the 

Y 

projections from 6y ® S to the factors, we recover diagrams ()3 .7.411 and H3.7.5|l . So V restricts to 
y Z and Y ^ Z and therefore we have 1' = 1. 
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Now we prove (3). We can write the algebra oiYUY, over an open afRne subset U = W HY, as 

Y 

e = {(c, /i, /s) e ^v ® ^1 © ^2 I dc = pi/i = P2/2}. 
Now, with formulae like (|2.5.2|l and H1.5.3|) we see that 1 is locally given by 

6z ® 6zi 

i*(a + a'e) = (i'a, t^i(da (g) 1) + jii'a', u;2(da® 1)). 

So we have 

(3.7.7) kerl* = {a + a' e | a € J^, i/i(a) = -i^a' and 1/2(0) = 0}. 

Let ^ denote the ideal in Z of the image of the morphism Y ^ Z . We know, from Proposition l2.1l 
that J is the kernel of Jy,z ^ ■^y^zI-^y^z ^ ^- 

So, from l|3.7.3|) and l|3.7.7|) . we see that 
kerl* = y n (^ + ^ze)- 

This proves (3). 

Now we define the morphism X ^ Y \JY . Let tt' denote X ^ Y '-^ Y \JY . Then we have 

7r'*(17j.^^) ~ TT*^. Therefore, from 1 1.41 the morphisms X ^Y \JY extending X F U F are in 
bijection with the commutative diagrams 

(3.7.8) TT*^ 

— *- &x — ^ *- 0. 

We construct a diagram like (|3.7.8|l . Consider the homoniorphism -J^y.z I J'y z ^^^^ -k^Gx- With 
the notations of (|3.5.1|l we have a~^(y\ © v-i) — (p{i'). Hence ip{i') is the composition 

Now, from l|3.5.1(l . we obtain (3~^S3{i'i ©1^2) = 52(i>{v). Therefore we obtain a commutative diagram 

(3.7.9) ^t:*J/J'^ ^ ip*Vlz ^ Tr*nY ^0 

\ II 

^ Gx ^ ^ ^ TT*^Y — ^ 0, 

where the lower exact sequence represents the class P^^^S^ivi ® V2) and Lp*^z is the compo- 

sition Lp*^z ~5 TT*^ M' . Also from H3.5.1|) we see that d7r([e]) is the class of the lower exact 
sequence in (13.7. 9|l . Therefore we obtain a commutative diagram 

^ 7r*7r*^x ^ TT*^ ^ T^*^Y ^ 

ex *- ^ *- ^x ^ 0. 

Dtt Dtt' 

Now, from the definition of tt', we see that the composition tt*^ — > 7r*J7y — > Vlx is ■k* ^ — > fix- 
This proves the existence oi X ^ Y i^Y extending X Y \JY . The rest of (2) follows easily. □ 

The following result, with the notations of Proposition 13. 71 and 1)3. 7. 2|) . describes the image of the 
map ip. 
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Theorem 3.8. Let X —i- Z be a morphism from an integral Cohen-Macaulay variety X to a 
smooth irreducible variety Z . Let Y be its scheme-theoretic image. Assume that Y is smooth and 
that (fi induces a finite morphism X ^ Y. Let {X,Lp) be a first-order, locally trivial, infinitesimal 
deformation of X ^ Z defined by a global section v of ,yV^p . Then, 

(1) the central fiber of the image of the morphism ip contains Y and is contained in the first 
infinitesimal neighborhood of Y in Z and is equal to the image of the morphism Y Z 
obtained from V2 ■ More precisely, the ideal of both the central fiber of the image of and 
the image of Y ^ Z is the kernel of the composite homomorphism 

Jy^z -^Y^zl^^.z ^ S. 

(2) The image of ip is the scheme-theoretic union of its central fiber and the flat deformation 
of Y defined by vi and it is equal to the image of the A-morphism Y UY Z x A. 

Y 

Proof. Let ^ denote the ideal in Z x A of the image of ip and let ^ denote the ideal in Z of the 
central fiber (im(^)o. Let denote the ideal of F in Z x A. 

Observe that a locally split short exact sequence of coherent sheaves on a noetherian separated 
scheme is split over every open affine subset. So we can cover Y with open afhne subsets U = 
W CiY — Spec A//, where W = Spec A are open affine subsets covering Z, so that the first-order, 
locally trivial, deformation X is trivial over the open affine subsets V = tt^^U — Speci? covering 

X . Then we have B = A/I®M with M = T{U, S). Let A ^ B be the ring homomorphism induced 
by the morphism Lp. From Proposition 12 . 51 and Lemma 13.41 to {X,Lp) corresponds a global section 
V G H^{,yV^) and, from the isomorphism in H3.4.1|l . we consider i/ as a class [{g, p)] G D{X, ip), for a 
pair {g,p) e Jfom^?^ ^x)) x ^^{'r,J^omff^{nx, ^x)) such that 5g = pD^p, where 

y is the considered open afhne cover on X . 

Then, from H2.5.3(l . we see that the ring homomorphism induced by the morphism ip is written as 



(3.8.1) 



A®At^B®Be 



'P^a+{g^{da®l)+ip^a')e, 



9v 



where flA <8> B — > B is the homomorphism given by the cochain g over the open set V & Y . 
We prove part (1). The fact that the ideal of the image of the morphism Y ^ Z obtained from 1/2 
is the kernel of ^y,z — * '-^y,z / '^y z ~^ ^ follows from Proposition 12. II 

Now we prove that J is the kernel of Jy^z -^Y^zh^y^z ^- This can be locally checked. Let 
I, J C A, respectively, denote the ideals ofY and (im^)o and let /, J C A(BAe, respectively, denote 
the ideals of Y and im ip. By definition J is the kernel of the homomorphism (|3.8.1|l . Therefore 

J = {a + a'e \ a e I a.nd g^,{da ® 1) + ip^a' ^ 0}. 

Moreover, taking the central fiber amounts to tensor the rings with fc[e]/efc[e], so J is the image of 
Jig) k[e]/ek[e] A. Hence 

J = {ael I g^,(da® 1) G im^* = A/I C B}. 

From Lemma I3. 41 we obtain commutative diagrams 

(3.8.2) I/I^(g)B ^nA(EiB I/I^ ^nA(SA/I 
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From the sphtting B = A/I®M, we consider as a pair , {fu)^) S Hom^//(r2A® A//, A/ 1)® 

T{omA_/i{Q.A®A/ 1 , M). Hence, with the notations of 1)3.7. l|l and ()3.7.2|l . the right-hand side diagram 
of H3.8.2|l amounts to commutative diagrams 

(3.8.3) 





All, 

From (|3.8.2() and (|3.8.3|l we can rewrite J as 

(3.8.4) J = {a + a'e I a G I,vi{a) = -a' and 1^2(0) = 0}. 
From (|3.8.4() and the fact that J is the image of J ® fc[e]/efc[e] ^ yl we see that 

(3.8.5) J = {ael\ V2{a) ^ 0}. 

Now we prove part (2). The fact that the image of ^ is the scheme-theoretic union of its central 
fiber and the flat deformation of Y defined by vi is the identity ^ = J^n(^-|-^ze),or locaUy 

(3.8.6) J = lr]{J + Ae). 

We prove l|3.8.t)|) . The flat subscheme F C Z x A is the image of the deformation of the inclusion 
morphism Y '-^ Z deflned, from Proposition 12. 51 by the global section vi G H'^{,_Ay.z)- Hence 

(3.8.7) J= {a + a'e I a e / and (/„)j(da (g) 1) = -a'} = {a + a'e | a G / and vi{a) = -a'}. 
From (EES), and we obtain 

The fact that the image of the A-morphism FuF-^ZxAis the scheme-theoretic union of the 
image of y ^ Z and Y is proven in Proposition 13. 71 □ 
Now we state the main result of this section. 

Theorem 3.9. Let X ^ Z he a morphism from an integral Cohen-Macaulay variety X to a smooth 
irreducible variety Z . Let Y he its scheme-theoretic image. Assume that Y is smooth and that Lp 
induces a finite morphism X ^ Y . Let S he the locally free 0y -module ir^^Gx/ ^y- If the map 
H^{jKr) H^{jKp) is injective then every rope over Y, with conormal bundle contained in S, 
embedded in Z is the central fiber of the image of some first-order, locally trivial, infinitesimal 
deformation of ip. 

Proof. From [lSI a rope Y over Y with conormal bundle S" , embedded in Z corresponds to a 
surjective map yY,z/-^Y z ~" ^^'^ ideal ^ is the kernel of ^ ^ J'y.zI -^y z ~^ ^' ■ 
Assume that S' (Z S and let V2 denote the induced map ^y.z / ■^y z ^ ^^'i hypothesis that 
H^{^Tr) H^{,yYp) is injective is equivalent, from the cohomology sequence of H3.3.1|) . to the fact 
that the map 

in H3.5.1|) is surjective. Therefore the element (0,1^2) G H^iT^* ■^y,z) admits a lifting to a global 
section v G H^{,yVp). Let be the associated first order, locally trivial, infinitesimal deformation. 
From Theorem 13.81 we see that the central fiber (im^)o has ideal ^ . □ 

As a consequence we obtain the following result, from which we obtain Theorem IU.3I which is the 
key infinitesimal result we will use in the proof of the embedded smoothing Theorem 15. II of ribbons 
over curves. 
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Theorem 3.10. Let X ^ Z be a morphism from a smooth irreducible curve X to a smooth 
irreducible variety Z . Let Y be its scheme-theoretic image. Assume that Y is smooth and that (p 
induces a finite morphism X ^ Y. Let S be the locally free ffy -module tx^Gx I ■ Then every 
rope over the smooth irreducible curve Y , with conormal bundle contained in S' , embedded in Z is 
the central fiber of the image of some first-order infinitesimal deformation of if. 

Proof. For X is a curve we see that the support of ./Kr is a finite set. Therefore =0. □ 

Finally, keeping previous notations, we identify when we obtain the subvariety Y itself as central 
fiber of the image of ip and when ip factors through y x A. 

Proposition 3.11. In the .situation of Theorem \y.tA the following are equivalent conditions: 

(1) Y = (im(^)o. (2) V2 = 0. (2') {Y ^i) is the pair consisting of the split rope and its projection to 

Y . (3) \m(f (ZY . (4) miLp = Y . (5) im Lp is flat over A. 

Proof. Apart from (5) (1), all equivalences are direct consequence of Proposition l2T1 Theorem l3.8l 
ijXOI) and (EEZI). 

(5) ^ (1) From the "Local criteria of flatness" |Mat80l 20. C], we see that imcp is flat over A 
iff the surjective map ^ ® A:[e]/eA:[e] — > ^ is an isomorphism. Moreover, it is easy to see that if 
^ ®k[e]/ek[e]^ ^ is injective then ^r]ffzeC. J e. Now, from (|3.8.4|l . we obtain J t = JC\&z^- 
So we have ^e C and therefore d ^ . □ 

Proposition 3.12. In the situation of Theorem \3.8l the following are equivalent conditions: 

(1) {X, (p) factors through a first-order, locally trivial, infinitesimal deformation of n. (2) v S 
H^[.jV,r). (3) y = y X A and {Y , i) is the pair consisting of the split rope and its projection to y .□ 

4. Embedding in projective space for ribbons over curves 

From now on, Y will be a smooth irreducible projective curve of arbitrary genus g, and S" a line 
bundle on Y . We consider ribbons over Y with conormal bundle S . 

Recall, from Proposition 12. II that maps from ribbons with conormal bundle extending a fixed 

closed immersion Y , are in correspondence with homomorphisms o/f^p,- —fSso that closed 

immersions correspond to the surjective ones. 

In the next two results we obtain a criterion to decide whether all ribbons with fixed conormal 
bundle S" can be embedded in the same projective space with support in a fixed embedding of the 
reduced part Y . 

Lemma 4.1. Let Y be a smooth irreducible projective curve, let S" be a line bundle on Y and let 
^ be a locally free sheaf of finite rank on Y. 

(1) The surjective homomorphisms from ^ to S form an open set of Hom(^, S) which is the 
complement of an algebraic cone. 

(2) Consider an extension of a coherent sheaf J^' by . Let Hom(,J?,(#) ^ Ext^(j^', (?) be 
the connecting map induced by the extension. If the class of the split extension lifts to an 
epimorphism, then every class in the image of 6 can be lifted to an epimorphism. 

Proof. (1) A homomorphism ,^ S" is not surjective at a point y E Y iS the induced homomorphism 
^ (g) k{y) S" k{y) vanishes. 

Let consider the closed subscheme T = {{y,(j>) \ (j){y) = 0} C y x Hom(^, <#"). The projection B of 
F to Hom(^, (o) will then be a closed set and it is clearly a cone. 

(2) Assume that for a class ^ S E,xt^{^' , — {0} in the image of 5, every lifting of C by (5 lies in the 
closed algebraic cone B formed by the non-surjective homomorphisms. Fix s € B with S{s) = C- 
Then for every A G fc* and every v G hciS the identity d{s + X^^v) = C. and our assumption imply 
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that s + A ^ B. Since B is a cone, we deduce that for every X € k*, B contains the set As + ker(5. 
Since B is closed, we deduce that B also contains the kernel of 6. So we get a contradiction. □ 

Proposition 4.2. Let Y be a smooth irreducible projective curve in P"", with r > 3, and let be a 

line bundle on Y . 

(1) // the split ribbon with conormal bundle can be embedded as a nondegenerate closed sub- 
scheme in ¥^ extending the embedding Y ^ P*", then every ribbon with conormal bundle S' 
that maps to P*" extending Y ^ ¥^ can be embedded as a nondegenerate closed subscheme 
in P"" extending Y ^ . 

(2) If the connecting map llom{yK^pr , S') A Ext^ {ily , S') is surjective and the split ribbon with 
conormal bundle S can be embedded as a nondegenerate closed subscheme in P*" extending 
Y ^ P*", then every ribbon with conormal bundle S can be embedded as a nondegenerate 
closed subscheme in extending Y ^ ¥^ . 

Proof. If Hom(./l^pr, S') Ext^(r2y, (o) is surjective then, from Proposition l2.1l every ribbon with 
conormal bundle S" is mapped to P"" extending Y ^ P^. So the second part follows from the first. 
Let L be a hyperplane in P*". UY is contained in L then Hom(./(^^, ) is a subspace of Hom(./(y'p,. , (?) 

Take s e Hom(.y4^*^, (f ). From (|1.5.3|l and (|2.1.1|l . we easily see that the morphism Y P^ defined 
by s is the composition of the morphism Y ^ L defined by s as an element of Houi^.Ayj^ , and 
^ ^ pr- Therefore the image of the extension morphism Y ^ P"^ defined, from Proposition 12.11 
by an element s G Hom(,/(^pr , (o) is contained in a hyperplane L iff K is contained in L and 
s G Hom(./(^L: <^)- So a nondegenerate embedding in P"" of the ribbon associated to an element 
C G Ext^(riy , (?) corresponds to a lifting of C to a surjective homomorphism s G Hom(.yf^pr, (?) 
that does not belong to any subspace Hom(c/)^^,^) when Y C L and L is a hyperplane. Our 
hypothesis says that this lifting exists for C = 0. 

The union of the subspaces Hom(o/(^^, (?), where L is any hyperplane in P*" containing Y, is a closed 
algebraic cone. From Lemma 14.11 the set of non-surjective homomorphisms is a closed algebraic 
cone. So the union of both cones is a closed algebraic cone B' in Hom(c/)^pr, (?). Now, arguing like 
in the proof of Lemma llTI f 2 ) . we see that every class C £ Ext^(f2y, (?) in the image of S can be lifted 
to an element of }iom{yK^pr, (?) that does not belong to B' . This element defines a nondegenerate 
embedding in P*", extending F ^ P"", of the ribbon with extension class □ 

Remark 4.3. The map S is surjective if iJi((? (g) ^y(l)) =0. □ 

Our next goal will be to find nondegenerate projective embeddings, in the same projective space, 
for all ribbons with conormal bundle (? supported over a (possibly degenerate) projective embedding 
of the base curve Y. According to Proposition 14.21 we first look for a nondegenerate projective 
embedding of the split ribbon with conormal bundle (?. The method we will use is suggested by 
the following proposition. 

Proposition 4.4. Let Y be a smooth irreducible projective curve and let Y ^ P^ be a closed 
immersion, with r > 3. Let Y be the split ribbon over Y with conormal bundle S . Assume that 

there is a closed immersion Y ^ P"^ extending Y ^ P"^ . Then 

(1) there is an extension ^ (? ® ^y(l) — > ^ ^y(I) — > such that the split ribbon Y is 
the first infinitesimal neighborhood of the section defined by the surjective map ^ ^^y(l) 
inside the geometrically ruled surface S = Py (^) . 

(2) Let ^s(l) denote the fundamental line bundle on S = Py{^)- There is a morphism 

S A P'-, with 'iP*^p.{l) = ^5(1), whose image is a, possibly singular, scroll and whose 
restriction to Y is the embedding Y > P*". Moreover, we have H^{ffs{^)) — H^{^s{^)\y)- 
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Proof. The ribbon embedded in P'' by a surjection ^yr^- S' is the spht ribbon iff this surjection 
extends to a (surjective) map j*f2pr ^ S'. 

Now assume that the last surjection exists. Let ^ be the kernel of i*D,pr[l) ffyi^)- 

We consider the puUback to Y of the Euler sequence in P''. Let ^ denote the cokernel of the 
composition ^ — > i*ilpr[l) i?°(^pr(l)) ^y. So we obtain the exact sequence in (1) according 
to a diagram 



\ \ 

^ ^ ^ t*npr (1) . ^ ^^(1) ^ 

II I \ 
\ i 



Let S = Py(^) be the geometrically ruled surface associated with ^ with projection S ^Y. Let 
F ^ 5 be the section associated with the quotient ^ — > ^y(l). Then we have (see jHar77l V 
2.6]) (g) ^y(l)) = ^s(l) ^s(-i") and hence ^s(-i^)|y = ^- The last identity means that 
the first infinitesimal neighborhood of Y inside 5' is a ribbon Y over Y with conormal bundle (o. It 
is the split ribbon because the restriction of p to F gives a retraction from Y to Y. This proves (1). 
Pulling back to S the surjective map 7?'^(^pr(l)) Oy and composing with the canonical 

surjection ^s(l), we obtain a surjective map i7°(^pr(l)) ® ffs ^ ^s(l) that defines a 

morphism S* ^ P^. By construction, the composition of F ^ 5 and S* ^ P'' is the given map 

Y ^ P*". Moreover, let F ^ P** be the restriction to F of 5 ^ P**. The map i' corresponds 
to the composition .yVypr s that, by construction, agrees with the original surjection 

^*p. . So F ^ P'^ is the embedding F A p-- and therefore the image of S must be a surface 
since it is reduced and contains F. 

On the other hand, the sheaves i?*p,(^5(— 2F) ^s{^)) vanish for i = 0, 1. So we have p^i^si^) — 
P*(^s(l)|y) and therefore i?°(^s(l)) = i?"(^?'s(l)|y). This ends the proof of (2). □ 

Proposition 4.5. Let Y be a smooth irreducible projective curve and let S = Py(^) Y be 
the geometrically ruled surface associated with a rank two locally free sheaf ^ over Y. Let ^s(l) 
denote the fundamental line bundle on S ^ Py(^). 

(1) A section Y ^ S whose first infinitesimal neighborhood inside S is the split ribbon Y over 
Y with conormal bundle S is equivalent to a line sub-bundle ^ ^ c/K such that there is an 
exact sequence Q ^ ^ ^ ,yV ^ S''^ ® ^ ^ 0. In this case es{Y) = (^s(l) ®p*^-^. 

(2) Let (?y{1) be a very ample line bundle on Y . Let P'' C P*" denote, respectively, the projective 

spaces of (one quotients) of i?°(^y(l)) and © H°{S' ® ^y(I)). Let F P'' 

be the closed immersion defined as the composition of the embedding F ^ P** given by the 
complete linear series and P* C P''. 

Assume that H^{S' ^y(l)) — 0. Assume that there is an exact sequence 
(4.5.1) O^if^^^ff "^8)^-^0, 

with S£ a line bundle, and let Y ^ S be the associated section. 

If the line bundle ^s(l)(8)p*((#'(>5 ^^^(l)^).^?"^) is globally generated then its complete linear 
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series defines a morphism S W such that the composition with the section is the given 
embedding Y ^ . 

Moreover, the induced morphism from the split ribbon Y to is defined by the complete 
linear series 0/(^5(1) (g) p*(S' (g) ^y{^) ® ■^^^))\y ^'"^'^ therefore its image is nondegenerate. 

Proof. Let Y ^ S he a, section defined by a surjective map ^ with an invertible sheaf. 

Let ^ be the kernel of ^ ^ JT. Then we have (see |Har77l V 2.6]) p* = ^s(l) ® ^s(-F) 
and ^ = (^5(1) ® s{~Y')')\y . Moreover, if Y is the first infinitesimal neighborhood of Y inside 
5* then Y is the split ribbon over Y with conormal bundle s[—^)\y ■ we have J(f — S^^ eg) ^ 
iff Gs[-y)\Y = S- This proves (1). 

We prove (2). Denote ^' = Observe first that 

(4.5.2) H°{0s{l)®P*^') = H"{^ (E)^'). 

From the definition of the section we have 0s{^)\y = S'^^ ^ ■ So we have the identity 

(^5(l)®P*=5f')ly = ^v(l) 

and the exact sequence 

(4.5.3) ^ es{-y) ® esiX)®v*^' esiX)®v*^' ^v(i) o. 

Now pushing-down to Y the sequence (|4.5.l-{|l we obtain 

^s®eY(X) ^ J/ ^ ^y(l) 0, 

which is 14.5.1() twisted by . From the assumption H^{S' ® €?y(1)) = and the isomor- 
phism (|4.5.2|l . we obtain an exact sequence 

^ H°{^ ® ^v(l)) ^ i^"(^s(l) ® P*^') -ff°(^y(l)) ^ 0. 
Therefore we have a commutative diagram 

if°(^s(l) ®P*=Sf' ) (» ffs ^ ffs{l)®P*.^' 

\ \ 

i?0(^y(l)) Gy ^ ^v(l) 

where the horizontal arrows arc the evaluation morphisms. This proves that there is a morphism 
S -^F"^ whose restriction to Y is the given embedding F ^ P''. 

Finally, we have i?X(^s(-21") ^s(l) «) ) = for i = 0,1. So p*(^s(l) «) P*^') ^ 
P*((^s(l) ^P*=S^")lr) and therefore i?0(^s(l) ® p*if' ) = i/"((^s(l) ® )ly)- □ 

4.6. For a base curve Y of arbitrary genus g, the way to place the split ribbon Y with conormal 
bundle S is to take the first infinitesimal neighborhood of the section defined by &y ® ^ ^ Gy 
inside P(^y © S\ This is the split ribbon with conormal bundle S viewed as (see | .BE95I 1.1]) the 
first infinitesimal neighborhood of the null section in V(<o'). 

Theorem 4.7. Let Y be a smooth irreducible projective curve, let (?y(X) be a very ample line bundle 
on Y and let S be a line bundle on Y . Let P'* C P^ denote, respectively, the projective spaces of (one 

quotients) of i/°(^y(l)) and iJ"((^y(l)) ® H^{S ® ^v(l)). Let Y ^ F"" be the closed immersion 
defined as the composition of the embedding y ^ P'' given by the complete linear series _ff'^(^Y(l)) 
and F^ C P''. Let d = -degtS' and assume that degi^y(l) > max{d+ 2g + l,2g + 1}. Then we 
have r > 3 and every ribbon over Y with conormal bundle S admits a nondegenerate embedding in 

P'' with degenerate support Y '-^F'^ . 
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Proof. We can apply Proposition 14.51 for the section defined by ffy (B S' ^ Gy inside P(^y © S). 
The assumption deg i^y(l) > max{d + 25 + 1, 2^+ 1} implies that the line bundle ^s(l) (gip*i^y(l) 
is very ample (see |Har77l V Ex. 2.11]). So we obtain a nondegenerate embedding in P"" for the split 
ribbon with conormal bundle S . Now we obtain Theorem l4 . 71 from Remark l4.3l and Proposition l4.2l 

Observe that /i°(^y(1)) > g + 2 and h^{S ® &y{^)) > g + 2, so r > 3 and the embedding Y 

is degenerate. □ 

Remark 4.8. Although with this kind of embeddings we will be able to obtain our main result 
regarding smoothing of ribbons, in some cases we can obtain nondegenerate embeddings, in the 
same projective space P'', for all ribbons over Y with conormal bundle S extending a nondegenerate 
embedding of Y in P''. 

(1) If y is an elliptic curve and d ~ — degf? > 5 then we can embed all ribbons with conormal 
bundle § in P'^"! over an elliptic normal curve Y C of degree d. 

Indeed, we take a line bundle i^y(l) on Y with deg^y(l) = d such that i^y(1) ^ S^'^ . So we 

have H^{S ^y(l)) = and H'^i.S ® Gy(\)) = 0. We consider the embedding Y P''-^ defined 

by the complete linear series of GyiX). To place the split ribbon in P'^^i over Y ^ p^-i ^^ge 
Proposition 14. 51 looking at surfaces associated with indecomposable rank two vector bundles on Y . 
For d odd (> 5), we fix a point O S F and we consider the non-trivial extension Gy 

6y(0) 0. Let S = Py(o/K) be the geometrically ruled surface over Y associated with 
.yV. If we take ^ such that ^ g^g), then H°{.yV (g> ^-^) = H"i^-^) © H°{^-'^{0)) and 
therefore we can take a nowhere vanishing global section of ^ © .if ~^ defining an exact sequence 
^ ^ jV ©.if 0. From Proposition l4.5l we get the split ribbon with conormal bundle 

S as the first infinitesimal neighborhood of the section defined by the surjection jV — > © .if 
inside S. Moreover, the line bundle Gs{\)®'p*{S ® ey{\)® ^-^) is very ample (see |Har77l V Ex. 
2.12]) and its complete linear series gives an embedding for S in P''^^. So arguing like in the proof 
of Theorem 14. 71 we get our desired embedding for all ribbons with conormal bundle S in P''"! with 
nondegenerate embedded reduced support Y ^ P''"^. 

For d even (> 6), we consider likewise the geometrically ruled surface S — Py(^) over Y associated 
with the non-trivial extension Gy jV 0y 0. We take .if such that .if^ = S and a 
nowhere vanishing section in H°{^ © if^^) = H"{^^^) © i7°(if "i). 

For d = 3,4, again Y elliptic, this does not work but we can place ribbons in P'^+i over Y ^ P''. 
Now we take Gy{l) = S^^iO) and we proceed like above for odd and even cases. 
For d = 2, ribbons can be embedded in P^ with degree 8 over Y C P^. We take ^y(l) = S^^{20), 
a line bundle L Gy with degL = 0, and .yV = Gy ® L. We also take .if such that if ^ = © L 
and a nowhere vanishing global section of ,yV © .if and proceed like above. 

(2) If F = P^ and d > 4 then we can embed all ribbons with conormal bundle G^i (— d) in P''^! over 
a rational normal curve Y of degree d — 1 in P'^"^. 

Indeed, a nowhere vanishing global section of G^i (d — 2) © ^pi (2) gives an exact sequence 
Gfi{—d + 2) ^ Gpi © Gpi{—d + 4) Gpi{2) 0. Let S be the geometrically ruled surface over 
P^ with invariant e = d — 4. The line bundle Gs{l) (S^p*Gpi (d — 3) is very ample and we can apply 
Proposition 14. 51 to embed the split ribbon with conormal Gpi{—d) inside a rational normal scroll of 
degree d — 2 in f"^^^ and with reduced support in a rational normal curve in P''"^. Next we use, like 
above. Remark 14.31 and Proposition l4.2l to obtain embedding in P'^^i with nondegenerate embedded 
reduced support Y C P^^^^ for all ribbons with conormal bundle Gpi{—d). □ 

5. Smoothing 

In this section we show that, under weak conditions on the conormal bundle every ribbon of 
arithmetic genus greater than or equal to 3 over a smooth irreducible projective curve of arbitrary 
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genus g (with very few exceptions if 17 = or 17 = 1) is smoothable. 

A smoothing of a ribbon Y over a smooth irreducible projective curve Y is an integral family 
proper and flat over a smooth pointed affine curve (T, 0), whose general fiber , t ^ 0, is a smooth 
irreducible projective curve and whose central fiber is isomorphic to Y . 
liY dW , W C as closed subschemes, and = F we call W an embedded smoothing. 
Our main Theorem 15 . II gives sufficient conditions for an embedded ribbon Y C P*" to have an em- 
bedded smoothing. 

Over a smooth irreducible projective curve Y of arbitrary genus g we consider ribbons with a fixed 
conormal bundle <S . Let us denote d — — degt?. Then the arithmetic genus is Pa{Y) = d + 2g — 1. 
In Theorem 15.11 we assume the existence of a smooth irreducible double cover X A r with 
T^*Gxl&Y — <S ■ Such a double cover X is determined (see e.g. |BPVdV84l 1.17]) by and its 
branch locus, an effective divisor, smooth for X to be smooth, with associated line bundle S'~'^ . 
Therefore the existence of such a double cover is equivalent to either 

(1) the existence on y of a non-zero effective reduced divisor with associated line bundle (f^^, 
or 

(2) S-'^ = &Y and H^{S) = 0. 

We will need, in the proof of Theorem 15. II g^ > 3. Since g^ = d + 2g — 1, we will assume 

(3) PaiY) > 3. 

Observe that an obvious necessary condition for Y to be smoothable is Pa{Y) > 0. Thus, provided 
such a double cover X there exists, the condition Pa{Y) > 3 excludes only very few ribbons if 5 = 
or g — 1, for then we must obviously have d > 0. 

Moreover the existence of X is a weak condition on S'. For instance the conditions (1) and (3) are 
verified ii d > max{g, —2g + 4} (we impose d > g for S'~'^ to be globally generated). 

Theorem 5.1. Let Y be a smooth irreducible projective curve and let ffyi'^) be a very ample line 
bundle on Y. Let S he a line bundle on Y. Assume that ffyi^) cind S ® ^y(l) are nonspecial. Let 
ps pr (j^gYiote, respectively, the projective spaces of (one quotients) of _ff°(^Y(l)) and H'^{ffY{i))(B 
H^{S' ^y(I)). Assume that r > 3. Let Y (ZW he the embedding defined as the composition of 
the embedding y C P" given by the complete linear series H'^{iS'y{'^)) and P'' C P''. 
Assume that Y <Z ¥^ is a nondegenerate embedded ribbon over Y <Z ¥^ with conormal bundle S . 
Assume that Pa(^) > 3. Assume that there is a smooth irreducible double cover X ^ Y with 
1^*^x1 = S. Let X be the morphism obtained as the composition of n with the inclusion 

ofY in P''. Then 

(1) there exists a smooth irreducible family X proper and fiat over a smooth pointed affine 
curve (T, 0) and a T -morphism 3^ -5> P^ with the following properties: 

(a) the general fiber S^t — ^ P"^, t ^ 0, is a closed immersion of a smooth irreducible projective 
curve S^t, 

(b) the central fiber S^o'^r is X ^ and 

(2) the image of ^ P^ is a closed integral subscheme C P^- flat over T with the following 
properties: 

(a) the general fiber 'S^t^^ ^0, is a smooth irreducible projective nondegenerate curve with 
nonspecial hyperplane section in W , 

(b) the central fiber % is Y . 

Remark 5.2. If H^{S ® ^y(l)) = then Y C P'' is nondegenerate. □ 

Proof, (of Theorem 15. If) Let us denote d — — degff and g the genus of Y . By assumption there is 
a smooth irreducible double cover X ^Y with T^*Gx — Gy ® S . The curve X is projective with 
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genus = d + 2g — 1. Thus = PaiY) and by assumption g^ > S. On X we consider the hne 
bundle L — -n* GyiX). The hypothesis that GyiX) and S ® GyiX) are nonspecial impUes that L is 
nonspecial. 

The natural map i?°(i^y(l)) ^ admits a retraction i?°(L) ^ H^{&y{\)) obtained from the 

trace map 'n^Gx twisting by ^y(l) and taking global sections. So we have 

H^{L) = H^i^Yil)) © «) ^y(l)). 

We also see that the pullback of the surjective evaluation map iJ(€?y(l)) ® ^y(l) is the 

composition of i/0(^y(l)) ® ''^'^ H°{L) ® and the evaluation map H^{L) ® Gx L. 

Now the composition of the surjective map H^{L) (X> Gx '-^-^ C>5 and the pullback of 

the surjective evaluation map _ff (^y(l)) ® Gy G'y{l) defines a surjection H^{L) ® 6x L that 
gives a morphism X . This morphism ip is the composition X . 
From Theorem 10.31 there exists a first order infinitesimal deformation X ^ of ip such that the 
central fiber of the image of Lp is equal to the ribbon Y. Let us denote L = i^*^pr^(l). Then L 
restricts to L on X. 

The hypothesis that Y is nondegenerate in P'' implies that if the image of Lp is contained in a 
closed subscheme given in by a linear form with coeficients in fc[e], then the central fiber of this 

subscheme is P''. Therefore we see that, given a set of coordinates of P'', the morphism X ^ P^ 
corresponds to the choice of a set of r + 1 sections {Zo, . . . , Z^} in r(L) such that generate i, all 
whose possible relations over fc[e] have nonunit coefficients and whose restriction to H'^{L) is a set 
{Iq, . . . , Ir} of r + 1 sections that generate L and such that exactly s + 1 of them are independent. 
To this last set corresponds X ^P^. 

We consider ui = w^/A L' — L ® w*^", where n is large enough so that L' — L ® w®" is 

very ample, nonspecial and the complete linear series of L' defines an embedding X ^ P'' that 
determines a smooth point [X'\ in the corresponding Hilbert scheme. Let H be the open, smooth 
and irreducible subset of this Hilbert scheme formed by smooth irreducible nondegenerate curves 
C C P'^' of degree d' = 2dcg^y(l) + n{2g^ - 2) and genus g^ ^ d + 2g - I. Then [X'] G H. 
Since n >> 0, then for every such curve ^c(l) is nonspecial, the embedding of C in P*" is defined 
by a complete series and defines a smooth point in its Hilbert scheme. Moreover, since L' is very 
ample and H^{L') — 0, also L' is very ample relative to A and the embedding X ^ ¥^ extends 
to an embedding X ^ P^. So the image X' oi X ^ P^ is a flat family over A that corresponds 
to a tangent vector to H at the Hilbert point [X'] of X'. We can take the embedding X ^ P^ so 
that this tangent vector be nonzero. Now, since [X'] is a smooth point in H, we can take a smooth 
irreducible afhne curve T in H passing through [X'] with tangent direction the given tangent vector. 
We can take this curve in such a way that all its points, except perhaps [X'], be placed in the open 
subset U oi H constructed in the following way: H admits a surjective morphism over ^^d',g^, 
the coarse moduli of pairs consisting of a curve of genus g^ and a line bundle of degree d' on 
the curve. Denote di = 2deg^y(l) and consider also ^di,g^ fibered over the fine part of the 
moduli . Let '^('^i^ be the scheme that represents the functor of relative effective Cartier 
divisors of relative degree di over the universal curve ^^^^ |Oi'o62l 4.1]). By hypothesis 

d\ — g^ = r > 3, in particular d\ > g^- Therefore the morphism ^i^"^^^ S^dx,g^ is surjective. 
Denote — '^^ x „ "^^"^^^ . Over there is a universal effective relative Cartier divisor Qi. 

Consider the line bundle G<^{J^) and let 'g'^'^i' be the (proper and flat) projection. Then, by 
the theorem of base change and cohomology, at a point (C, D) of "^(^i^, consisting of a curve C of 
genus g^ and a nonspecial divisor D of degree d\ on C, the fiber of the coherent sheaf R^q^,i^<^{&) 
is isomorphic to H^{C,D) and the same is true near {C,D). So there is a non-empty open set 
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Wi on ■^('^i) formed by pairs consisting of a curve and a divisor whose associated hne bundle is 
nonspecial. Furthermore, if we restrict to Wi^ then the support of the cokernel of the natural map 
Q*Q*{^'^i^)) ff'tgiS!) is outside of the inverse image of an open set W2 <ZWi. So we obtain an 
open set W2 on 'lo'^'^^^ formed by pairs consisting of a curve of genus and an effective divisor of 
degree di whose associated line bundle is nonspecial and globally generated. In |EH88I 5.1] it is 
proved that if r > 3 then on a general smooth curve the general linear series of dimension r has no 
base points and its associated map to P'' is a closed immersion. Moreover, '^('^i) is irreducible so 
Wi dominates ./#° . Therefore, the set W2 is non-empty, and shrinking W2 so that (7*(^<i(f (^)) is 
free of rank r + 1 on W2, we have a M^2-morphism ^i'^ x W2 ^W2' ^^'^ (see e.g. |Gro61l 

4.6.7]) the set W formed by the points of W2 such that the induced morphism on the fiber over the 
point is a closed immersion is open in W2. So we obtain an open set W in formed by pairs 

consisting of a curve of genus and an effective divisor of degree di whose associated line bundle 
is nonspecial and very ample. Also by |EH83I 5.1], if we assume that di — g^ = r > 3 then the 
open set W is non-empty. Now, since '^('^^^ is irreducible and '^^'^^'> ^di,g is surjective, we 
also obtain a non-empty open set in ^di,g^ formed by pairs consisting of a curve and a very ample 
nonspecial line bundle with as many global sections as L. Moreover, twisting by o;*^" we have an 
isomorphism between ^di,g and ^d',g ■ So we take the open set U C H inverse image of the 
considered open set in ^d',g ■ Now, we take our curve T with general point in this open set U. 
Let e T denote the point corresponding to X'. Over the pointed afhne curve (T, 0) we have a 
proper flat polarized family (^,^') containing {X,L') and {X,L') as fibers over the point and 
the tangent vector to T at 0. Now, twisting by the —n power of the relative dualizing sheaf of 
the family we obtain a family (^,^) proper and flat over T whose central fiber is {X,L), whose 
restriction to the tangent vector to T at is {X, L) and whose general member (^, consists of 
a smooth irreducible projective curve of genus 5^ and a very ample nonspecial line bundle with 
as many global sections as L and degree di = degL. Then we have h^{^t) = r + 1 for every t and 
we will show that, after shrinking T if it is necessary, ^ defines a T-morphism ,9^ P'fj. whose fiber 

over the tangent vector to T at is the initial morphism X and whose general fiber ^ 

for t 7^ is a closed immersion given by the complete linear series of J^'t. Indeed, recall that the 

morphism X ^ P^ is associated with a surjective map L given by r + 1 global sections 

{/q, • • . , Ir} all whose possible relations over fc[e] have nonunit coefficients and whose restriction to 
X is a set {/q, . . . , Z^} of r + 1 global sections of L such that exactly s + 1 of them are independent. 
The restricted surjection ^^^^ L given by {/q, . . . ,^r} defines the initial morphism X ^ V . 

Now, we will obtain a T-morphism ^ ¥^ extension oi X ^ P^ if we can lift {Iq, . . . ,lr} to 
global sections {mo, . . . , rrir} of ^ such that the associated map ^ ^ is surjective. 

Let T be the (proper and flat) structural morphism. The facts that p is proper, ^ is flat over T 

and H^{^t,-^t) = for every t Q T imply that is a locally free sheaf of rank r+1 on T = Spec R 
and "the formation of commutes with base extension" so we have r(^) k[e]/ek[e] — r(i) 
and r(^) k[e\ — T{L). After shrinking T, we can assume that M — r(^) is a free i?-module of 
rank r + 1. 

We prove that the map M r(i) is surjective. Twisting by ^ the short exact sequence associated 
with the inclusion X C ^ and pushing-down to T, we obtain an exact sequence 

^ p,^{-2X) ^ p,J^ ^ p^L ^ i?ip*=Sf (-2X), 

where X ^ A is the structural morphism. Now, shrinking T, we can assume that ff^{—X) is 
isomorphic to and thus we see that R^p^,^{—2X) vanishes from the fact that Jff induces 
nonspecial line bundles on every fiber. So we can hft {Iq, . . . ,lr} to sections {mo, . . . , m^}. The 
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sections {mo, . . . , rrir} define a map G"^^^ — > -S? whose cokernel vanishes at 0. Therefore, shrinking 
T, we can assume that G"^^^ ^ .5f is surjective. Thus we have obtained a surjection G"^^^ =Sf 

that defines a T-morphism ^ whose A-fiber \s X ^ P^. 

The section mo A ■ • • A of A''+^M corresponds, after a choice of basis in M, to an element d S -R. I 
claim that d 7^ 0. Indeed, we see this by showing that d does not vanish at order n = r — s. Ifn = 
then {Iq, ■ ■ ■ ,lr} are independent so d does not vanish at G T. Assume n > 1. The fc[e]-module 
r(L) = M k[e] is free so we have r(i) = T{L) © r(i) e. Therefore we can write k = U + rriie 
where rrii 6 r(L). The vanishing of d at order n is equivalent to 

(5.2.1) ^ /o A • • • A U^-i A TOii A /ii+i A • • • A A m^^ A h^+i A ■ ■ ■ A Ir =0. 

0<ii<---<i„<r 

From 1)5.2. l|l we obtain a fc[e]-linear relation among the sections {Iq + toqe, ■ ■ . ,lr + rrire} such that 
some of its coefficients is a unit in k[e]. The existence of this linear relation implies that the central 
fiber (im ip)^ is degenerate. This is contrary to our hypothesis that the ribbon Y is nondegenerate. 
So the equality 1)5.2.1(1 does not happen and therefore d does not vanish at order n = r — s as we 
wanted to show. 

Therefore, shrinking T, we can assume that the r + 1 elements {mo, . . . , m-r} of M induce a basis in 
H°{Sft) for every O^teT. 

Thus we obtain for every ^ t E T a surjection -^t given by a basis of H^{J2ft) and for 

t — the surjection G^^ L whose associated morphism is X ^ This is a flat family of 
morphisms whose central fiber is X ^ P*", whose general fiber is a closed immersion 

associated with a complete linear series and whose A-fiber is X ^ P^. 

Let ?V be the image of the T-morphism ^ —>■ P^-. The total family is smooth and irreducible 
so ^ is integral. Furthermore, $ is a closed immersion over T — since $t is a closed immersion for 
every t e T — (see e.g. |Gro61l 4.6.7]). Therefore for i e T — we have the equality = im ($*). 
Finally, the facts that T is an integral smooth curve and ?V is integral and dominates T imply that 
W is flat over T. So the fiber of ^ at G T is the fiat limit of the images of JT* 2i P'' for t ^ 0. 
Moreover, this fiber ^ contains the central fiber (imi^)o of the image of ip and since both the fiber 
S% and the fiber (im ip)o have the same degree and the same arithmetic genus they are equal. □ 

As consequence of Theorem 14 . 71 and Theorem 15 . II we obtain the smoothing of ribbons of arithmetic 
genus greater than or equal to 3. 

Theorem 5.3. Let Y be a smooth irreducible projective curve and let S be a line bundle on Y . 
Assume that there is a smooth irreducible double cover X ^Y with tt^Gx/Gy = S. Then every 
ribbon Y over Y with conormal bundle S" and arithmetic genus Pa(Y) > 3 is smoothable. □ 

The conditions (1) there is a non-zero effective reduced divisor on Y with associated line bundle 
S"'"^ and (3) PaiY) > 3 are verified if d > max{g, —2g + 4} so we obtain: 

Corollary 5.4. Let Y be a smooth irreducible projective curve of genus g. 

(1) Let S" be a line bundle on Y and d = —AegS" . If d > max{g, —2g + 4} then every ribbon 
over Y with conormal bundle S is smoothable. 

(2) Assume that g > 2. Let S be a line bundle on Y such that S^"^ = Gy and H^{S) — 0. 
Then every ribbon over Y with conormal bundle S is smoothable. □ 

For ribbons over an elliptic curve or ribbons over P^, we can also apply Theorem 15 . II for ribbons 
embedded like in Remark |4. 81 In these cases we obtain the following embedded smoothing results 
for ribbons supported over a nondegenerate embedding of its reduced part. 
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Corollary 5.5. Let Y C be an elliptic normal curve of degree d > 5. Let S' he a line 

bundle of degree —d such that S'~^ is not isomorphic to ^r(l)- Then for every ribbon Y over Y 
with conormal bundle S' embedded in P'^-^ with support onY c. P*^"! there exists a closed integral 
subscheme '?¥ C P"^"! x T flat over a smooth pointed affine curve T whose general fiber is a smooth 
irreducible projective nondegenerate curve of genus d+1 with nonspecial hyperplane section in P'^-i 
and whose central fiber is Y C P''"'^. Moreover, in this conditions, every ribbon Y over Y with 
conormal bundle S admits an embedding in with support onYc P''"-'^. □ 

Corollary 5.6. Let Y c F'^~^ be a rational normal curve of degree d — 1. Assume that d > A. 
Then for every ribbon Y over P^ with conormal bundle 6y\ (— d) embedded in P"^-! with support on 
Y C P''"! there exists a closed integral subscheme '3/ C P''"! x T fiat over a smooth pointed affine 
curve T whose general fiber is a smooth irreducible projective nondegenerate curve of genus d — 1 
with nonspecial hyperplane section in and whose central fiber is Y C P''^^. Moreover, in this 

conditions, every ribbon Y over P^ with conormal bundle rf) admits an embedding in W"''~^ 

with support onY c F'^~^. □ 
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